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ABSTRACT
Let IG(n) be the Euclidean group with dilations. It has a maximal compact
subgroup SO(n — 1). The homogeneous space can be realized as the phase
space IG(n)/SO(n — 1) = R™ X R™. The square-integrable representa-
tion gives the admissible wavelets AW and wavelet transforms on LZ(R™).
With Laguerre polynomials and surface spherical harmonics an orthogonal
decomposition of AW is given; it turns to give a complete orthogonal de-
composition of the L?-space on the phase space L2(R™ x R, dzdy/|y["t1)
of the form @2, @2, @;L, AF;- The Schatten-von Neumann prop-
erties of the Toeplitz—Hankel type operators between these decomposition

components are established.

1. Introduction

The continuous wavelet transform in the one-dimensional case can be obtained
in two ways: one from the theory of square-integrable group representation and
the other from the Calderén representation formula.

Let G be a locally compact group with left Haar measure dz. Let z — U(z)
(x € G) be an irreducible unitary representation of G in a Hilbert space H.
A vector ¢ € H is said to be admissible if it satisfies the following “admissibility

condition”:

(L1) 0<cyi= /G |6, U(@)$) Pde/ (3, 9) < oo,
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where (-,-) is the inner product of H. We denote the set of all such vectors by
AW. If AW# ¢, then the representation U is called square-integrable. For ¢ €
AW, f — (f,U(x)y) is called “continuous wavelet transform”.

A. Grossman and J. Morlet [GM] introduced the wavelet transform in the
one-dimensional case, where the group G is the affine group ax + b. Let

fon (@) =Uba)f(z) = %f <x = b)

be the representation of G on the Hardy space H2(R). Then the (affine) wavelet
transform W, for f in H2(R) associated with an admissible wavelet ¢ is given

b
y Wy f(b,a) := (f,¥p.a) = % /RE< ) f(z)dz.

If v € AW and w(ﬁ) = 0 for £ <0, then ¢ is called an admissible analyzing
wavelet. For an admissible analyzing wavelet 1, every f € H? can be recon-
structed from Wy, f(b,a):

T—b

dadb
(12) —cd; /W¢fba ba( ) a2
In fact, the above analysis by A. Grossman and J. Morlet was quite close to
a technique developed by A. Calderén and his collaborators for the study of
singular integral operators [C] in 1964. The basic tool is the so-called Calderén

representation formula, that can be expressed as follows. Let ¢(z) be a function

such that ¢ € L(R), $(~€) = 9(¢) and

/o I 21{
(1.3) 0<c, = /0 HOPTE <o
then for f € L%(R), we have the Calderén formula:
1
@)= 5 [ de SN GE,

where

%@=—§¢G),wm=ﬂ51

| Yy
If € LY(R), %(€) = 0 for £ < 0 and 4 satisfies (1.3), then for f € H? the

Calderén formula becomes

1.4 y K Py *
(L.4) f(@) = ¢/w ¥ ﬂ»
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In fact, (1.3) is just the admissibility condition (1.1). For f € H?, f — ¢, f(z)
is the wavelet transform and (1.2) is (1.4).

Let U be the upper-half plane. In [JP1], [JP2], by an orthogonal decomposition
of AW with Laguerre polynomials, orthogonal decompositions of L?(U, y*dzdy)
were given in the cases @ = —2 and a > —1 respectively. The Toeplitz—Hankel
type operators between the decomposition components were defined, and bound-
edness, compactness and Schatten-von Neumann properties of them were estab-
lished. In this paper, we want to consider the similar problems in the higher-
dimensional case.

From the above discussion, we know that in the one-dimensional case the
two different ways can induce the same results, i.e. (1.2) and (1.4). In the
higher-dimensional case, since there is no concept of the “analyzing” in the
definition of admissible wavelet, the above two ways will induce two different
results. One is the Calderdn representation formula, which induces a decom-
position of L2(R™*! dzdy/|y|"*!), and the other is the wavelet transform asso-
ciated with the square-integrable group representation, see [To]. Here we will
introduce another kind of wavelet transform which induces a decomposition of
L*(R™ x R", dzdy/|y|"*!).

The n-dimensional generalization of the Calderén formula is quite simple. The

wavelet ¢ is now a radial function in L}(R™) such that

0 <= olls™™) [P = [ P <o

for all £ # 0. Without confusing with the definition of 9, 4)() in the case n = 1,

we also let b
'l/)(b,a)(x) = a—n/%l’ (x; ) .

Then for f € L?*(R"),

1 dadb
(1.5) flz)= = /de%ﬂ Tf(baa)w(b,a)(x)(—ln—“’

where R} = (0,00) and T (b, a) is the function of n + 1 variables defined by:
(1.6) Ts(bya) := (f,%,a))-

The map f — Ty(b,a) is the wavelet transform associated with %. In [JP3],
we study this kind of wavelet transform associated with Hermite polynomi-
als and we construct a series of wavelets. The ranges of this kind of wavelet
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transform of L?(R™) with these wavelets form an orthogonal decomposition of
LA(R™, dady/[y|™*).

The wavelet transform with the square-integrable group representation in the
higher—dimensional case is associated with the group IG(n), the Euclidean group
with dilations, introduced by R. Murezin [Mu]. Namely,

IG(n) : = R" x R} x SO(n)
={g=(b,a,p): b€ R*,a>0,p € SO(n)},

with the group law:
(',d',0')(b,a,p) = (' p'b+ ¥, d'a, p'p).

The elements g of IG(n) can be written as 0 1

operation becomes the product of matrices. IG(n) has the left Haar measure
dg = a~""'dadbdp, where dp is the Haar measure of SO(n). Let U, be the
irreducible unitary representation of IG(n) on L?(R™) defined by

g b), and the above group

Uyh(2) = %y(2) = o~ ?9(g™ (=)
where
9=(bap), 9(@)=ap(z)+d and g7(z)= 2p(z~b).

The admissibility condition is

(1.7) 0 < K, := Vol(SO(n — 1)) / Gl ﬂi o0,
see [Mu, [To] or by a direct calculation. For f € L*(R"),
1 dadbd
f@ =5 [ Ty(0,0,0)0(00.(2) g
v Y RL XR"xS0(n)

and the wavelet transform is now the function in L?(R} x R™ x SO(n)) defined
by

(18) Tf(ba a,p) := (f, d)(b,a,p))a

where ¥(s.q,5) 1= Ug) = a~ /2 (1 p~}(z - b)).
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The wavelet transforms (1.6) and (1.8) are functions of n+1 and n(n+1)/2+1
variables respectively, thus they cannot be considered as functions on the phase
space. The functions on the phase space R™ x R"™ of R™ depend on 2n variables.
We want now to generalize the affine wavelet transform to higher dimensions. In
order that the generalized wavelet transform will be a mapping from L%(R™) to
the space of functions on the phase space R™ x R™, we will consider a wavelet
transform associated with the square-integrable group representation modulo a
subgroup (see [To]). We will consider here the quotient group IG(n)/SO(n — 1).
Since

IG(n)/8O(n — 1) = R} x R" x SO(n)/SO(n — 1)
ERixR”xS”_lzR"an,
the wavelet transforms of f € L?(R™) are functions on R™ x R™. In this case,
for f € L?(R™), it is also possible to reconstruct f(z) from the corresponding
wavelet transform. Let us give the definition of the wavelet transform.

Let w = (1,0,...,0)* be a fixed point in S™~1; here £ denotes the transpose
of a vector £ in R™. For any £ € S™~1, there exists an element pe € SO(n) such
that pglf = w. In fact there exists a family of such pg, see [Vi], p. 437. Here for
¢ € S™!, only one element pg is corresponded in a fixed way and we define

Vibag)(@) = a ( ¢ (e - b)) ;
and the wavelet transform of f € L%(R™) to be

(1.9) Tp(b,a,8) := (f, Y(v,a))-

Then for some functions 9 (the admissible wavelets), the following reconstructing
formula holds:

dadbd
(1.10) f(z) = Ry /;rxmxsn 1 f(b,a,f)w(b,a,g)(m)_%@,

where do(§) is the normalized surface area measure on S™~!. Taking Fourier
transforms on both sides of (1.10) or by calculating

dadbd
/ (%, ¥, a,f))lz———a a(f)’
R;_xR"xS"

we can get that the admissible condition (assuring (1.10) true) is

/ / [(apg Izdadv(ﬁ) = hy < oo,
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and hy is a constant independent of all b € S™~1. For radial functions v, this
admissible condition is just (1.7). But for a general functon ¢, this condition is
hard to verify. In order to give a good admissible condition as (1.7}, we introduce
another kind of wavelet transform. To do this, taking Fourier transforms of (1.9)
with respect to the first variable b, we have

(1.11) Ty(n,a,€) = a"*y(alnlo; *n) f(n),

with 7 = |n|7.
For (b,a,£) € R™ x R} x S"~1 we define wavelet transform W, f(b,a,&) of
f € L*(R™) via the Fourier transform with respect to the first variable,

(112) (Wy)" f(n,0,€) = o™y (alnlpy €)f(n),

where for n € R, p,y € SO(n) is given as above, i.e. 7 = |n|n’ = |n|pyw. If
is a radial function, then (1.12) is (1.9). Without confusion with the above, also
denote Yy 4,¢) by

(1.13) V(o,a,) (M) = a2~ "(alnl oy €),

then Wy f given by (1.12) also can be written as (1.9) with %, q¢) given by
(1.13):

(1.14) Wy f(b,a,8) = (f,¥(b,ae)-

For this kind of wavelet transform, the admissible condition is the following:

e N d
(1.15) [ [ ety e, < o,
for all n € R™/{0}. Since do(€) is invariant under the action of SO(n), we have
el - dad
left side of (1.15) = / / li/f(alnl{)lza—:@
2 46
- [ org

Finally we know the admissible condition is still (1.7). Thus in the following, let

={¢:¢EL2(R"),0<I¢¢ :-/ % (£)I2|§|n }
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and for ¥ € AW, the wavelet transform of f € L?(R™) is given by (1.12).

In this paper, we give an orthogonal decomposition of AW to be span{ty*7}
with the help of Laguerre polynomials L,(c")(x) and the surface spherical har-
monics Y]-l. Then, using this decomposition and the wavelet transform given by
(1.12), we construct an orthogonal decomposition of the L2-space on the phase
space L*(R™ x R",dzdy/|y|"*') of the form @2, B2, B;o, A, Where Af;
are the ranges of wavelet transform (1.12) of the orthogonal wavelets 3®b7 with
f € L2(R™). We then study the boundedness, compactness and Schatten-von
Neumann properties of the Topelitz—Hankel type operators between the compo-
nents of this decomposition. We will construct the orthogonal decomposition and
formulate main results about the operators in §2, and give the proofs in §3.

2. The space decomposition and the main results

First, let us construct an orthogonal decomposition of AW. Let H; be the space
of all linear combinations of functions of the form f(r)Y (z), where f ranges over
the radial functions and Y ranges over the solid spherical harmonics of degree [.
Then L?(R™) can be decomposed as the orthogonal sum (see [SW}, p. 151):

(2.1) L*R™) = éH;.
=0

Every element f; in H; can be written in the form Z‘;;l fij (r)Yj’(x), and

[ @raz=3 [ s
where

ap =1, a =n, az=(n+f—1)‘(n7_l;3), [>2

and {Y]‘ (z)};L, is an orthogonal basis of the space H; of surface spherical har-
monics of degree ! (see [SW] p. 140). It is well known for n = 2, ax = 2 and

cos k@ k sink@ . ;
Y{(z) = " Yy (z) = ~ with z = €%,
For n > 3, let us give the orthogonal basis Y} of H;. For z € sz =
(%1, &n), let ¥2_; =2} + .-+ x2_;. Write z in spherical coordinates:
Tnoj = COSOn_j_l, 12_—]_—1 = sinan_j_l

Tn—j Tn—j
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with0<68; <27,0< 6, <wmfor2<v<n-1,then
rz
do(z) = 2—(2_—) Sin""20,_y - -sinfsdfy - - - dby_1.
T2

Let CE(t) be the Gegenbauer polynomials of degree k; they can be written as
PLp+k) [ kk=2) 4o
kT (p) 22(p+k-1)
k(k - 1)(k — 2)(k - 3)
291-2---(p+k—-1)(p+k—-2)

o 2(k+p)- K] ]
{2 T'(p) [m] Ck(t)}k=0

is an orthonormal basis on the segmient, [—1, 1] relative to the weight (1 —2)P~3
Let

HOE

+

tk‘4+...]_

It is known that

(2'2) GIK(I) =A H::SC —k 541 ‘H(cosen—s I)SIn s+t gn—s—leiik"—291a

where K = (k1,...,%kn-2), l = kg > k;y > +++ > kn—2 > 0 and AL is a nor-
malization constant. Then for n > 3, the canonical basis Y;(z) in H; is the
rearrangement of G in the following order: G%(z), K = (ki,...,tkn_3) pre-
cedes Gy (x), M = (my,...,£m,_3) if there is an s such that k; = m;, 0 <
i < s and ksp1 < Mspr (or tky_2 < tm,_2). For Y and GY., see [Vi]
pp. 457-468.

If » € AW C L?(R"), then we can write

0 a;

(&) =) afi;(NYHE),
1=0 j=1
- Zozlc’fi;’;ﬁ”n’(z),
and
[(¢) |2 =
2.3) —-dE = |fui(r)?
( /n IE' g}zlcl/ 1,7

For a > -1, let Lfca)(x) = Z:::o (it:’/‘)(—-x)"/u' be the Laguerre polynomials
(see [Sz]). They satisfy

(2.4) /oo e~z L (2) L (z)dz = T(a + 1) (k * a) Ok
0
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For k,l € Z*,1 < j < ay, let ¥*"7 be the functions on R™, defined via their

Fourier transforms:

(2.5) FRbIE) = (2T eI 2l Y (©):

By (2.3), Lemma 2.18 in [SW] and by Theorem 5.7.1 in [Sz],
{e2? [ (@)}

is complete in L2(0, 00). Thus we have

AW = span{wk"’j}{kzo,zzoggjsa,}-

Let us denote L? := L%(R"™ x R",dzdy/|y|"*!). For ¢ € AW, let W,, be the
operator (wavelet transform) from L2(R™) into L? defined by (1.12). Let A,
denote the range of Wy, i.e.

(2.6) Ay = {Wyflz,y) = Wy flz,|y],¥) : =€ R,
and y = |y|ly’ € R™,y' € S™71, f € L}(R™)}.

Let 7 be the operator from A, onto L2(R") defined by

(2.7) T7(F)(=z):= k;1(27r)""/ F‘(n,a,f)einzz/;(a|n|pn:£)%df?@,
R~ xR} x§n-1 a
where ﬁ‘(n, a,§) denotes the Fourier transform of F(b, a, ) to the first variable.
Then for ¢ € AW, 7W,, = I on L?(R"), this is just the reconstructing formula.
The space Ay has a reproducing kernel, denoted by K(g,91) = Kg4,(g) with
g1 = (z1,01,61), 9 = (2,a,§). Let Wy, f be given by (1.14). By the reconstructing
formula

_ dadbdo (£)
ry= k 1 3 a a — 11
f(@) =k, R;xmxs"—l(f V(b,a,6))Vb,a,6) (T) prew
we have
(2.8)
} dadbdo (£)
’ a =k ! / ) a a,£)y a; — a+1
(f w(bln l’fl)) ¥ RlanxSn—l(f ";b(b, 15))(¢(by vf) ’d)(b]., 1761)) an+l

Thus by (2.8),
K, (9) = k3 (Vioy a1,60)) Yibrag))-
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Taking the Fourier transform with respect to the variable b, we have
. ] ——. n
(2.9) Kg(na,8) = Ew(alnlpnfﬁ)w(bl,al,sl)(n)(aal) /2
1= —i n
= Ew(alnlpnfﬁ)w(allnlpn'él)e ™1 (aaq)™?.

If ¢ = ¢*h7 is defined by (2.5), we obtain operators %7 := Wyes, 7557 and
subspaces Af, ; from (1.12), (2.7) and (2.6) respectively.
From the orthogonality of Lfcu)(x) and Y/(¢), we know Aﬁj are mutually

orthogonal subspaces of L2. Moreover, we have

THEOREM 1: Let Af; be the subspaces defined by (2.6) with ¢ = /*!7, then

o0 ay

L*(R"™ x R",dxdy/ly|"*") = @é@*“ﬁj'

k=0 l=0 j=1

From (2.9), we know that each A{f ; has reproducing kernel:

nf2—
P s ama — Skl —i
(210)  Kg(ma8)= (—k—lﬁwk»w(a|n|pn'£)¢‘°v’vf(allnlpnrﬁl)e et
We can calculate
K2 F'k+a+1)
whis =TT

Let P,’fj be the orthogonal projection from L? onto Af]-; then for (b,a,£) €
R™ x R, x §™~1, we have

(2.11) (lol]ij)(bsavg) =/R I K;"’j(n, a,&)F(g1)dgs,
™ X ;x n-
where dbrdasd
dgy = —1‘%‘1’—(&—) with g, = (by,a1,6,) for all F € L2,
a4

We now define the Toeplitz-Hankel type operators:
k1l, j . !
(2.12) Ty o = Pl MPS i,

where M, is the multiplication operator by b and b(z,a) = b(z, a,0) is a function
on R™ x R% x S™~! restricted to R™ x R}, defined by its Fourier transform with
respect to the first variable z:

(2.13) b(-, a) (&) := e~ Klap(¢).
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Let B, be the Besov space Bp% P(R™). In what follows b € B, means its
boundary value b(z), defined by (2.13), is in B,. Let S, be the Schatten-von
Neumann class. See [JP], [P] for information concerning the space B, and S,.
We have

THEOREM 2: Let Tlf kl,’],, . be the operator defined by (2.12), then:
(1) If L # U, then T:,j;f,, , = 0.
(2) Ifl =0 and k = k', then Tb o g1 € Seo iffb € L Tb e i ;¢ is never compact

unless it is zero.
(3) Ifl=Uk#k" and = o <P < 00, tbenTb Py g € Sp iffb € By
()Ifl—l’k;ék’and0<p<|,c 7 andTbk,,. 1 € Sp, then b= 0.

Remark: From Theorem 2, we know that the cut-off phenomenon of Tb’c ;:,’j,, 5
depends only on k£ and %', and it happens at the point =" k’l

3. The proof of Theorem 2
Applying (2.11) and (2.12) to F(z,y,p) = Wy ;v f(z,9,p) € A;“,',j,, we have

(Téf}flfzf,ij)(x,y,p)=/ K39 (g)[b(g1)Wywr .00 £(91)]dg1,
R*»xR* xSn—1

with ¢ = (z,y, p) and ¢; = (z1,y1, p1)- Taking the Fourier transform with respect
to the first variable x, we have

k.7
(Tb,k’?l',j'F)A(£7 Y, p)

y? — y
ok j / "/)k'l"?(y'ﬂp{’pﬁpk’ld(’U,flpg,pl)e ifxy
Pk.bi JR» xR xSn-1

vZdx dvdo
[b(ml,U)W¢k’ i, ’f(xh ypl)]—-_;mﬂ

_ y%,ﬁk,l,j(y'{,p{,p)/ 2kl
= Foens e x5n P (v[€]perp1)

(27f /b V)€ =) f(n)yr- V'J’(Ulnlpn'pl)dndvda(pl)

= (27) nklkl,pé / Fmb(e — m AL 5 (€ m)dn,

where Az;f;{j,(ﬁ, n) is given by
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Akl
(31) kl [17 i(f, )
=/s /o P59 (vlE|og pr )e K=MK (wln] oy pr)

e —v - [+ @ o+l
- /0 e bHnbHE=D L) (91¢1) L (2ufn]) (4l€]Inl) v do

dvdo(p1)

/s - Y} (per01)Y} (o p1)do(p1)

__ (4lgllhternrz
(1€] + Inl + |€ = nh)ot?

Here £ = |£|¢',n = |n|n’ and

ARE (¢, ) - BEDWI (¢ ),

(3.2) AR (en) =
°OL(Or) 2'5' (Ot) Zlnl - ad
[ Garemre—a b Garme a2 o
and
(33) B(l’j)(l”j')(flyn') =/ le(PE’Pl)YjI'I(Pn’Pl)dU(Pl)-
Sn—l

Thus we know that T,f,’f,‘,]; ;18 a vector-valued paracommutator (see [AFP]), and
we can transform it into an ordinary paracommutator. Let 757 and T* '’ be
the operators from Af; onto L?(R™) and from L?(R™) onto A,, ., respectively
defined in section 2. Let t:’fc’,’ v ,;» be the operator from L%(R™) onto itself defined
by

k,l,j . i ke ikl Y
(tb,k’J,l’,j’f)(x) = (T] k lTb’kl{y’lek o f)(l‘)

where f € L?(R™). Then we can get (omitting the details)
A _ 1 I )
(34)  (trle p HNE) =kl @ /R _Fmble, m AR i (6, mdn

Thus tb 7y j» is a paracommutator with kernel ko) okl ,A:,l, ,(€,1m). Now let us
estimate the degree of the vanishing of A*!(¢,n) as n — ¢. Using the definition

of Lfca)(z), we get
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(3.5) | e e ey
=I'k+a+1)Il+a+1)

= HA-b7 @Il —a)i
D e I (b e E Y
IF'k+a+1)I'(l+a+1
- r(a+)1§l!k! JEDNEDY

oF (_z, —k;a+1; ﬁlgl—_bj)

Tla+1+k+1)
B TS -

oF (—l,—k; —k—l—a;ib——).

(1-a)(1-0d)
Let - ”
= d b:= U ,
e+ T+l ™ €T+ Tl + 1€ = 7
Then
Inl — €|+ 16 —nl 1€l
3.6 _
0 SR TP e e
(3.7) 1_p el +1E=nl 1€l

T+l + 16—l = e[+l
If k > K/, then by (3.5),

T(a+k +k+1)

Ak,k’(&n) = F(l T a)RTE (1- a)k—k’.
(3.8) Z - (k ki,( )y S(1—a=b) (1 -a) (1 - B
v=0

, 1K
= (1-a)t* {;(l i ;((itz';kl')! +c1(1-a)(1 —b)Py(a,b) + -- } .

If k < k', then also by (3.5)

(3.9) ARF (e) =

g [(=1)*T K +1
-5 {i‘(k)+ OS;EI::— k)ui + e

1-a)(1—b)Py(a,b)+ -- } .

In (3.8) and (3.9), Pi(a,b) and Py(a,b) are polynomials in a, b.
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Concerning BG:D3) (¢ 1), from (3.3) and the fact that do(py) is invariant
under the action of SO{n), we have

(3.10) BUlT (¢ gy = /5  Yi(pe03 ' 0)Y] ()do ().

Since Y (pg'py, 1) € H;, then by the orthogonality of Yj',Yj’,', we have
BUDG ) (¢ o)y =0 for | £ I, thus (1) of Theorem 2 is true.

If | = U, denote v = pn:pgl € SO(n). By the relation of Y’,GK given in
section 2, we assume Y} = G, Y}, = G}, with

K= (kl, ceey kn_3, :}:kn_g), M= (ml, ey My 3, :tmk_z).
Then
Gk(r0) = ) tRn(1)G(p),
N
see [Vi], p. 469. Thus

]_:;(j,t)(j’,t)(g,,,')=/n_1 Ghe (Y"1 0)GYy (p)do(p) = tip(7),

with v = pn:pg,l. Except for a finite number of points ¢/, 7' in S*~1, t%,,(y) # 0,
as the case K = 0,t2},(7) can be expressed by Gegenbauer polynomials and the
cosine of the Euler angles of 4. For k # k', by these discussions and (3.6), (3.7),
(3.8), (3.9), we know that tb’ ’J,, ., satisfy Al, A2, A3(|k — k'|) and A43 in [JP],
[P], thus (3) and (4) of Theorem 2 is true by the theory of paracommutators (cf.
[JP], [P]). If k = k', by (3.8) or (3.9) and similar discussions, we can get (2) of
Theorem 2.

Remark: 1In the definition of the Toeplitz—Hankel type operator T;f }i;{l,,j,, the
symbol b is defined by (2.13). In fact, we can consider a more general symbol,
e.g. b(z,a, p) is given by

b(¢,a,p) = e KleY 1 (p),
or
b€, a,p) = L (2l€la)e oy
(§ a0 k (2[¢[a)e i1 (p)s
and we can establish similar results to Theorem 2.
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